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Abst ract - -A  bifurcation analysis is developed for the initial value problem for a nonlinear system 
of integro-differential equations modelling the competition between tumor cells and immune system. 
It is shown that there exists a critical value of a bifurcation parameter separating situations where 
the immune system controls the neoplastic growth from those where tumor growth is not contrasted. 
This result refers to conjecture that the action of cytokine signals can modify the outputs of the 
competition. (~) 1998 Elsevier Science Ltd. All rights reserved. 
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This paper refers to a bifurcation analysis of a kinetic type model proposed in [1] and further 
developed in [2], for the competition between tumor cells and the active immune system. The 
mathematical model defines the time-state volution of a population of cells competing in vivo. 
The dependent variables Nl(t, u) and N2(t, u) define the statistical distribution, over the state u 
of tumor and immune cells, respectively. The activation state of the cells is identified by the 
variable u E [-1, 1], which represents loss of differentiation for the tumor cells and defense ability 
for the immune cells. Positive values of u for tumor cells correspond to aggressivity, while negative 
values to dormant states. Positive values of u for immune cells correspond to defense capability, 
while negative values to inhibition and hence cooperation with tumor cells. 
The interaction and competition consist of conservative encounters where tumor cells modify 
their loss of differentiation, while immune cells modify their defense capability. Proliferation and 
destruction activity depend on the activation state u which is kinetically modified by conservative 
cell interactions. The assumptions which generate the model are as follows. 
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(i) Cells belonging to the environment, immune system, and tumor interact with binary 
encounters which may either change the state, or generate proliferation or destruction of 
cells. 
(ii) If the interacting immune cell is inactive, or if the tumor cell is dormant, then its state does 
not change. If the immune cell is active, then the state of the active tumor cell decreases, 
being always above the limit dormant state. The higher the activity of the immune cell, 
the stronger the disactivation of the tumor cell. If the immune cell is inhibited, then 
the state of the tumor cell increases, being always below the limit activation state. If 
the tumor cell has already reached its maximum activity, it cannot increase further. The 
higher the inhibition of the immune cell, the stronger the activation of the tumor cell. 
Off) If the interacting tumor cell is dormant, then the state of the immune cell does not change. 
If the interacting tumor cell is active, then the state of the immune cell decreases, being 
always above the maximum inhibition state. If the immune cell has already reached its 
maximum inhibition state, it cannot decrease further. The higher the activity of the tumor 
cell, the stronger the disactivation of the immune cell. 
(iv) Proliferation of tumor cells is significant only for interactions with the inhibited immune 
cells and with the environmental cells. Proliferation only occurs for aggressive states and 
is directly proportional to the aggressivity of the tumor, to the negative activation of 
the inhibited immune cells and to the activation of the environmental cells. Destruction 
of tumor cells only occurs in the interaction with active immune cells and is directly 
proportional to their activation state. 
(v) Proliferation of immune cells occurs in the interaction with active tumor cells and is 
independent of the activation state of the pair. Destruction of immune cells only occurs 
on encounters with environmental cells which naturally control their growth. This action 
is proportional to the activation of the environmental cells. 
The model consists in two coupled nonlinear integro-differential equations 
/'f 0g l  (t, U) ~Ot •12(U, ml2(V, w))N1 (t, v)N2(t, w) dv dw 
0t 1 1 
/2 ( f  -aNl( t ,u)  N2(t,w)dw-Nl(t ,u) 712u wN2(t,w)dw 1 1 
(1) 
f f  ON2 (t, u) =c~ ¢21 (u, m21(v, w))N2(t, v)Nl(t, w) dv dw Ot 1 1 
[f  + N(t ,u)  "~21 Nl(t,w)dw 
-a~11Nl(t,w)dw-1523~olWN3o(w)dw] + ~2H(u), 
where H(u) = 1 if u > 0, and H(u) = 0 if u < 0, is the Heaviside function, while the terms ¢, 
which denote the probability density that a cell with state v interacting with a cell with state w, 
changes its state into u, are modelled as follows 
¢12 ----- ~ (U -- ml2(V,W)) , ~b21 = ~ (u -- m21(v, w))  , (2) 
with 
V, 
ml2(V , w)  ~- V -- ~+12WV, 
v - Z 2w(1 - v), 
if w > 0 and v < 0, 
if w > 0 and v > 0, 
if w _< 0, 
(3) 
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and 
v- /321w( l+v) ,  if w>0,  
m21(v, w) ---- (4) 
v, i fw < 0, 
where/3+2,/3i-2,/321 E [0, 1]. 
By definition, the number densities ni are obtained integrating Ni with respect o u over the 
domain [-1, 1]. The analysis is developed for models such that the number of environmental cells 
is constant in time and in full activation, while the inlet from bone marrow equals the natural 
death of ceils, i.e., "/2 = 0. The model is, at present, object of further analysis and developments. 
For instance models with time-varying parameters have been proposed in [3], while discretization 
of the model was proposed in [4]. The simplest case is obtained discretizing the variable u into 
the states u = -1  and u = 1 and leads to four ordinary differential equations. 
This letter is aware of the difficulty of the research activity in the field and aims to point out 
an interesting bifurcation phenomenon related to the solution of the initial value problem for 
equation (1). The bifurcation corresponds to an interesting biological interpretation certainly 
worth of future studies. The general bibliographic framework related to the topics of this paper 
can be found in the various review articles collected in [5]. Mathematical spects, can be referred 
to [6], where bifurcation analysis is dealt with in Chapter 2, while mathematical methods for 
nonlinear integro-differential systems are dealt with in Chapter 4. Developments of mathematical 
models and hopefully mathematical theories are motivated, with different style, in various papers, 
e.g., [7,8]. 
Preliminarly to the analysis of the bifurcation problem, it can be observed that the various 
parameters characterizing the model can be divided into the following groups: ~ is a param- 
eter defining the time-scale of the evolution; /3-type parameters characterize the transitions in 
conservative encounters; 7-type parameters characterize proliferation activity; d~-type parame- 
ters characterize destruction activity. One of the sequential steps in the validation process of the 
model refers to parameter sensitivity analysis. In this case, the activity of applied mathematicians 
should be addressed to support he needs of the research activity of immunologists. Particularly 
interesting is the analysis related to/3-type parameters corresponding to conservative encounters. 
The output of the above encounters can be modified by cytokine signals [9] artificially engineered. 
Hence, the analysis may point out the existence of bifurcation parameters separating the follow- 
ing different qualitative behaviours: blow up of tumor cells and inhibition of the immune system; 
or alternatively, blow up and activation of immune cells and depletion of the tumor cells. 
The substantial difference with respect to bifurcation phenomena for ordinary differential equa- 
tions is that the evolution (and hence the bifurcation) refers not only to the densities n~, but to 
the distributions Ni(t, u). Hence, the bifurcation phenomenon must be referred to the change, in 
time, of the distribution over the variable u, which models the state of the interacting cells. The 
biological interpretation is evolution states of activation and aggression opposed to inhibition and 
dormant. 
Quantitative results have been obtained by the discretization scheme proposed in [2]. The 
behaviours observed for a large variety of fixed values of the parameters ~ and 7 are the following. 
(i) /321 behaves as a bifurcation parameter: there exists a critical value/3c of/321 such that if 
1321 < tic the activation of the immune system is able to control the growth of tumor cells, 
while if/321 >/3~ tumor cells inhibit immune cells, and grow without opposition. 
(ii) The qualitative behaviour observed in Item (i) is the same for all values 7 and $ param- 
eters, nor it is modified by variation of the values of the parameters/31-2 and/3+. Only 
quantitative aspects, e.g., the value of the bifurcation parameter, are modified. In partic- 
ular, a critical value of the parameter/321 can be determined for several sets of constant 
values of the remaining parameters. None of them shows any bifurcation property. 
The simulation was developed for the following values of the fixed parameters 
/31-2 =/3+ = 0.25, 3'12 = ~/21 = 0.5, 713 = 1.0, ~/2 = 0, ~12 = ~23 = 0.2, 
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Figure 1. Evolution of tumor cells for/321 -- 0.249499. 
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Figure 2. Evolution of immune cells for D21 = 0.249499. 
while a is included in the time scale as we are interested only in qualitative behaviour. Moreover, 
the parameter j321 was made variable. In details, Figures 1 and 2 refer to ~21 = 0.249499, and 
Figures 2 and 3 refer to J321 -- 0.249500. 
The first set of simulations describes a phenomenon such that immune cells are able to control 
the growth of tumor cells. As shown in Figure 1, tumor cells show a temporary increase, however, 
they are weakened as the distribution shifts towards low values of u. Hence, immune cells, as 
shown in Figure 2, after a first competition which generates an increase of cells, are asymptotically 
able to control the growth of tumor cells. The second set of simulations, obtained for a slightly 
larger value of t321, describes an opposite evolution of the competition. Indeed, as shown in 
Figure 3, tumor cells are able to increase their aggressivity and inhibit immune cells as the 
distribution shifts towards, low values of u. Hence, immune cells, as shown in Figure 4, after 
a first competition, which generates an increase of cells, are unable to control the growth of 
tumor cells. The crucial role of the parameter j321 is evident by the extremely fine selection of 
the bifurcation value. The result visualized in the figures is certainly useful to research activity 
in immunology addressed to control, by cytokine signals, the activation of the immune system 
to prevent the inhibition action of the tumor cells. In particular, it does not seem useful an 





Figure 3. Evolution of tumor  cells for ~2z = 0.249500. 
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Figure 4. Evolution of immune cells for j32z = 0.249500. 
iperactivation of the immune system if not accompanied by a control of the above mentioned 
inhibition activity. 
In conclusion, some research perspectives ( ome of them are already object of research activity) 
are indicated with reference to further analysis of the mathematical model reported in this paper. 
(i) Analysis of the dynamical behaviour for time-varying parameters. This physical situation 
may correspond either to time-dependent activation of the immune system by cytokine 
signals, or to immune depression. 
(ii) Analysis of the influence of uncertainty factors in the output of conservative encounters. 
In particular, one can assume that the transition probability density is not any longer a 
delta function, but a distribution characterized by two parameters: most probable output 
and variance. 
(iii) Development ofbifurcation diagrams for the parameter ~z2 at fixed values of the remaining 
parameters. 
(iv) Analysis of mathematical spects of this type of bifurcation related to integro-differential 
equations, which should be linked to a qualitative analysis of the solutions [10]. 
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Finally, we remark that  the analysis was related to model (1). It would be interesting developing 
a similar analysis for the model, proposed in [3], where the total derivative on the left-hand side 
term includes the description of medical actions. In this case, fractional step methods [11] can 
be used to split the integrations with respect o both variables t and u. 
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